
N A S A  C O N T R A C T O R  

R E P O R T  
-N.A S A 
_I_ 

THE  REFLECTION  COEFFICIENT OF A 
TEM  MODE  PARALLEL-PLATE  WAVEGUIDE 
ILLUMINATING A CONDUCTING  SHEET:  
THE  LARGE  WEDGE  ANGLE  CASE 

Prepared by 
OHIO STATE UNIVERSITY 
Columbus, Ohio 

fir 

N A T I O N A L   A E R O N A U T I C S   A N D   S P A C E   A D M I N I S T R A T I O N  W A S H I N G T O N ,   D .  C.  S E P T E M B E R  1968  



TECH.LIBRARY KAFB, NM 

L, 
0060333 

NASA CR- 1174 

/- 
THE REFLECTION  COEFFICIENT OF A TEM MODE 

PARALLEL-PLATE WAVEGUIDE  ILLUMINATING A 

CONDUCTING SHEET: THE  LARGE  WEDGE  ANGLE  CASE 

By W. D. Burnside,,'L. L. Tsai, and R. C. Rudduck 
/.I ." , t>T "'. 

Distribution of this  report is provided  in  the  interest of 
information  exchange.  Responsibility  for  the  contents 
resides  in  the  author or  organization  that  prepared it. 

Prepared der Grant No. NGR-36-008-048  by 
*HI0 STATE Urn- 

Columbus, Ohio 

for 

NATIONAL AERONAUTICS AND  SPACE ADMINISTRATION 

For  sale by the  Cleoringhoure for Federal  Scientific and Technical Information 
Springfield,  Virginia 22151 - CFSTI price $3.00 

~- 
" 





ABSTRACT 

The  reflection  coefficient of a large  wedge  angle  parallel-plate 
waveguide  operating  in  the  TEM  mode  and  illuminating a perfectly 
conducting  sheet is analyzed by wedge  diffraction  techniques.  The 
interactions  between  the  waveguide  aperture  and  the  reflector  are 
represented by bouncing  cylindrical  waves.  The  scattering of these  
cylindrical   waves by the  guide  aperture  produces  four  subsequent 
component  cylindrical  waves,  which  in  turn  reflect  back  onto  the 
guide.   These  component  cylindrical   waves  are  determined  through 
ana lys i s   and   a re   represented  by equivalent  line  sources  which  then 
couple  power  into  the  guide.  The  continuation of this   re i terat ion 
process  then  includes  the  contribution of the  higher-order  interactions 
( or   bounces) .  Good agreement  is obtained  between  the  calculated 
results  and  measurements.   The  calculated  results  also  agree  with 
those  obtained  by  the  plane-wave  approach of Reference 1 ,  Chapter N 
in  the  region of mutual  validity  for  both  analyses. 
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THE  REFLECTION  COEFFICIENT OF A TEM MODE 

CONDUCTING SHEET:  THE L A R G E  WEDGE  ANGLE  CASE 
PARALLEL-PLATE WAVEGUIDE  ILLUMINATING A 

I. INTRODUCTION 

A. Statement of the  Problem 

Wedge  diffract ion  theory  is   used  in   this   analysis   to   calculate   the 
reflection  coefficient of a TEM  mode,  symmetric,   parallel-plate  wave- 
guide  with  large  wedge  angles  and  illuminating a perfectly  reflecting 
sheet.   The  general   geometry of the  problem  to  be  considered is  shown 
in  Fig. 1. 

I L 

REFLECT I NG 
SHEET 

( u  = a 0 1  

Fig. 1. Parallel-plate  waveguide  illuminating 
a reflecting  sheet. 
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Analysis of this  reflecting-sheet  problem  gives  insight  into  the 
basic  diffraction  behavior of small   aperture  antennas  which  radiate 
into  over-dense  plasmas.  The  analysis  is   applicable  for  spacecraft  
reentry  situations  in  which  the  plasma  medium  can  be  adequately 
modeled by a simple  reflecting  sheet. 

The  same  problem  with small wedge  angles  ( less  than 70")  has  
been  formulated  using  plane  waves  to  describe  the  interactions  between 
the  waveguide  and  the  reflector.  The  ground-plane  mounted  guide  was 
analyzed by successively  bouncing  cylindrical  waves. lS2 For   tha t   case  
only  two  component  cylindrical'waves  result  from  the  scattering of an 
incident  cylindrical  wave by the  ground  plane  with a waveguide  aperture. 
In  this  report a similar  superposition  technique  will  be  used  to  describe 
the  scattering by the  waveguide  wedges  for  guides  with  large  wedge 
angles ( 7 0 " - 9 0 " )  . However,  four  cylindrical  wave  components  result 
in   this   case.  

B. Background 

The  incident  TEM  mode  within  the  parallel-plate  waveguide  propa- 
gates  as  shown  in Fig .  1 and is assumed  to  have a unit  amplitude  magnetic 
field  parallel  to  the  guide  walls.  Integration of the  Poynting  vector,  which 
is   uniform  across   the  guide,   over   the  guide  cross   sect ion  yields   the  power 
flow  per  unit  depth of the  guide a s  ( Zoa) , where  Zo  is   the   f ree-space 
impedance  and ( a )  is  the  width of the  guide.  The  modal  current  is  then 
given by 

Equivalent  line  sources  with  omni-directional  patterns  are  em- 
ployed  in  the  subsequent  analyses.  The  modal  current I of an  isotropic 
l ine  source  is   re la ted  to   i ts   radiated  magnet ic   f ie ld   H,   diff ract ion 
coefficient D,  and  ray R by 

4 2 1 ~ r  4 2 1 ~ k r  4 r  

The  response of a guide  to  an  equivalent  line  source  is  obtained  through 
reciprocity  and  given  in  terms of modal   current   ra t io   as394 
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where  IT is the  modal   current  of the  transmitting  line  source, IR is the 
receiving  guide  modal  current,  and  HT( r ,  9)  is  the  field of the  guide  at 
the  line  source  location  when  the  guide is transmitting  with a modal 
cu r ren t  I, = G . 

The  free-space  reflection  coefficient,  rS, of the  waveguide  (that 
i s ,  with  the  guide  radiating  into  free  space) is given by5 

where Dl ( $ 1  = 0 )  and D2( + z  = 0 )  are  the  total  diffraction  coefficients 
for   edges 1 and 2 corresponding  to  the  rays  diffracted  back  along  the 
inside of the  waveguide  walls. 

C.  First-Bounce  Wave 

The  near-zone  fields of a guide  in  free  space  may  be  computed 
as   discussed  in   Reference  1 ,   Sect ion IIA, by including  the  geometrical 
optics,  and  the  singly  diffracted  and  the  doubly  diffracted  contributions. 
Calculations of the  f ield  distribution of the  parallel-plate  waveguide 
obtained by the  above  method  indicate  that  the  radiation  from  the  guide 
in  the  vicinity of the  projected  guide  aperture  may  be  treated  as  that  of 
a cylindrical  wave  with  its  source  at  the  center of the  aperture.   This 
free-space  wave,  calculated  at  a distance ( 2 R )  f rom  the  aper ture ,  
represents  the  reflected  wave  incident on  the  guide  aperture  coming  from 
the  conducting  sheet,   located  at  a distance ( R )  f rom  the  aper ture .   This  
reflected  wave is called  the  first-bounce  wave. 

Because  the  first-bounce  wave  is  cylindrical,  an  equivalent  line 
source  located at a distance ( 2R) on  the  guide  axis  may  be  introduced 
to  compute  the  first-bounce  contribution  to  the  reflection  coefficient by 
using  the  line  source  to  waveguide  coupling  expression of Eq. ( 3 ) .  The 
modal   cur ren t  of this  equivalent  line  source is  related  to  the  first-bounce 
magnetic  f ield  at   the  center of the  guide  aperture by Eq. ( 2) and is given 
by 

f ”  = e 
eq HT ’ 

+ jk( 2R)  - j 2 
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where HT is the  free-space  magnetic  f ield  radiated  by  the  guide at a 
distance ( 2R)  along  the  guide  axis  as  computed by the  method  in 
Reference 1. Line  source  to  waveguide  coupling  then  yields  the  modal 
current  induced  in  the  guide by the  f irst-bounce  wave  as 

The  contribution  to  the  reflection  coefficient by the  first-bounce  wave 
is  thus  given by 

For  the  ground-plane  mounted  guide  the  scattering of the first- 192 

bounce  wave by the  guide  aperture  causes a second-bounce  wave  com- 
posed of two  component  cylindrical  waves. A s  shown  in  Fig. 2 the 
second-bounce  wave  is  composed of the  reflected  geometrical   optics 
f ie ld   f rom a ground  plane  and  the  aperture  component  which  is  very 
s imilar   to   the  scat tered  wave  f rom a rectangular  wall. 

(2) 
(2) 

HT WAVE FRONT 

( 2 )  
HS WAVE I 

FR9NT I 

IMAGE F IRST 
BOUNCE 

LINE 

2r I 
RECTANGULAR I 

CONDUCTOR I 
W A L L  F I E L D   P L O T  

P L A N E  GUIDE F IELD GROUND F I E L D  
PLOT  PLANE  PLOT 

PLANE  PLANE 

Fig. 2. Application of superposit ion  to  l ine  source  f ield 
diffraction by a ground-plane  guide  aperture. 
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For  the  large  wedge  angle  case ( 70 "-90") considered  in  this 
report,  the  waveguide  scattering  mechanism  with  an  incident  cylindrical 
wave  causes  four  subsequent  component  cylindrical  waves,  as  will  be 
discussed  in  the  following  sections. 

11. BACKSCATTERING MECHANISM OF  THE 
WAVEGUIDE  WITH AN INCIDENT 
CYLINDRICAL WAVE 

A. Actual  Guide  Backscattering 

In  order  to  calculate  the  higher-order  interactions  between  the 
waveguide  and  the  reflecting  sheet it is  necessary  to  analyze  the  back- 
scat tered  f ie ld   f rom a line  source  illuminating  the  guide. A s  discussed 
in  Section I, the  free  space  radiation of the  guide  is  reflected by the 
conducting  sheet  back  onto  the  guide  as a f i rs t -order   interact ion  or  bounce. 
The  backscattering of the  first-bounce  wave  from  the  waveguide  gives  rise 
to a second-bounce  wave  which  reflects  from  the  conducting  sheet  back 
onto  the  guide.  This  process  continues,  leading  to  higher-order  inter- 
actions. 

Each  bounce  wave  or  interaction  can  be  treated  as a superposition 
of cylindrical  waves.  Consequently,  the  succeeding  bounce  wave  can  be 
analyzed  as   the  superposi t ion of the  scat tered  waves  f rom  each 
cylindrical  wave  component.  In  this  section  the  scattering of an  incident 
cylindrical  wave by the  waveguide  wedges  will be analyzed. A s  shown  in 
Fig. 3 the  guide  is  illuminated by the  cylindrical  wave  from a l ine  source 
located  at   radius p. The  scattered  wave  which  reflects  from  the  sheet 
back  onto  the  guide is the  scattered  wave  incident  on  the  image  guide  as 
shown  in Fig .  3. For   t h i s   r ea son  the  fields  will  be  calculated  in  the 
plane  normal  to  the  guide  axis  at 2 R  from  the  guide,  where R is the 
distance  from  the  waveguide  aperture to  the  reflecting  sheet.  Because 
of the  symmetry of the  problem  involved,  as  shown  in Fig .  3 ,  only  the 
upper  half-space ( x  = 2R,  y 2 - a/2)  will be used  throughout  this  analysis. 
The  f ie ld   value  a t   an  arbi t rary  observat ion  point  ( x  = 2R,  y) is   calculated 
by adding  the  geometrical  optics,  single  diffraction,  and  double  diffraction 
components. 

The  geometrical  optics  component of the  scattered  f ield  is   analyzed 
i n   t e r m s  of the  image of the  illuminating  line  source  in  the  upper  wedge. 
In   t e rms  of the  coordinate's ( x ,  y)  referred.  to  edge 0 of the  waveguide, 
the  image  l ine  source is located  a t  (x', y')  , as  shown  in  Fig. 4. Let  
Ymin  be the  vertical   distance  to  the  reflected  f ield  shadow  boundary  in 
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FIELD PLOT 
PLANE 

CONDUCTING 
SHEET 

F i g .  3. Cylindrical  wave  backscattering  geometry. 

the  plane of observation ( x  = 2 R ) .  Then  the  geometrical   optics  f ield 
component [ H ( 2 R ,  y )  1 i s   g iven  as  

GO 

where  ri is the  distance  from  the  image  l ine  source  to  the  point of 
observation ( 2R,  y) and  is  given  by 

( 9 )  ( x '  + 2R)  + ( y-y ' )  
7 

The  near-zone  formulation  for  cylindrical  wave  diffraction  as 
given  in  References 3 and 4 is  used  to  determine  the  singly  diffracted 
components of the  f ield  at  ( 2 R ,  y) .   The  geometry  for   the  analysis  of 
these  components i s  shown  in F ig .  5. The  single  diffracted  field  from 
edge 0 [HI" ( 2R,  y) ] is   given by 

6 
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where 

F ig .  4. Backscattering  field  plot  geometry - 
the  geometrical  optics  component. 

and 
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a -- 

( 2 R , y )  

" 

Therefore ,  

( 13) 

F ig .  5. Backscattering  f ield  plot   geometry- 
the  single  diffraction  component. 

GUIDE AXIS 

(1) The  singly  diffracted  field  from  edge @ [ H z  ( 2R,  y) 1 is  given by 
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The  singly  diffracted  wave  from  each  wedge  illuminates  the  opposite 
wedge.  This  wave  in  turn  diffracts  from  the  second  wedge  and  contributes 
to the  total  field at the o servation  point ( ZR, y).   The doubly  diffracted 
field  from  edge @ [ HiZP( 2R, y) ] is determined  from  the  geometry of 
Fig. 6 and is evaluated as  follows: 

v ro 

and 

then 

Similarly,  the doubly  diffracted  component  from  edge 2 is given by 

Then 

Equation ( 15)  states D,G = DzG , which  results  from  the  general   symmetry 
about  the  guide axis. 

(1) (1) 
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FIELD PLOT 
PLANE 

. -  GUIDE AXIS 

Fig. 6. 'Backscattering  field  plot  geometry- 
the  double  diffraction  component. 

Finally,  the  value of the  total  field [ HT( 2R,  y) ] sca t te red   f rom 
the  actual   waveguide  a t   an  arbi t rary  observat ion  point  ( ZR, y) i s   the  
s u m  of each  component  as  given by 

B. Representation of Solid  Wedge  Scattering 
bv Cvlindrical  Wave  ComDonents 

In order  to  apply  wedge  diffraction  theory it i s   necessary   to  
represent   the  scat tered  wave  in   terms of cylindrical  wave  components. 
In  view of this  the  scattering  from  the  waveguide  wedges is represented 
i n   t e r m s  of scattering  from  the  solid  wedge  and  that  resulting  from  the 
aperture  (denoted  as  the  aperture  component).   The  aperture  component 
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i s  the  scattering  from  the  complement of the  solid  wedge,  as  shown in 
Fig. 7, and is similar  to  the  backscattering by a conducting  strip of the 
same  width.  Thus  the  aperture  component is wel l   approximated  as  a 
cylindrical  wave. 

In this sect ion  the  wave.scat tered by  the  solid  wedge is determined 
for   an  arbi t rary  incident   cyl indrical   wave  and found to  be  adequately 
descr ibed by three cylindrical  waves  in  the  most  general  case.  The  field 
[ H T ~ (  2R,  y) 1 at the  observation  point ( 2 R ,  y) a s   s ca t t e r ed  by the  solid 
wedge i s  given  by  the  sum of the  geometrical   optics  f ield [ HRs( 2R,  y )  ] 
and  the  singly  diffracted  field [ HDS( 2R,  y) ] . With  the  aid of F ig .  8 both 
these   t e rms  are computed as 

where   y '  is the  vertical   distance  in  the  f ield  plot   plane  from  the  guide 
axis  to t e reflection  shadow  boundary.  Thus  the  total  field  scattered by 
the  solid  wedge is given by 

F i n  

The first cylindrical   component  determined  from  the  scattered 
field by the  solid  wedge is the  diffracted  component.  Before  attempting 
to  calculate  this  component it is necessary   to   p resent  two general   aspects  
of our  theory. First, the  diffracted  f ield  from a wedge is approximately 
cylindrical   provided  the  observation  point is sufficiently  removed  from 
the shadow  boundaries ( 20"  on  either  side).  Second,  the  field of in te res t  

1 1  

6 
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Fig. 7. The  scattered  field f r o m  the  waveguide  represented  through 
the  superposition of cylindrical  wave  components. 



FIELD PLOT 
PLANE 

Fig. 8. Backscattering by the  solid  wedge. 

is only  that  in  the  near  zone of the  projected  guide  aperture.  Because 
of these  aspects  the  problem  divides  into  two  cases.  

Case  I: If the  projected  upper  edge of the  guide ( y  = 0 )  is l e s s  
than 20"  below  the  shadow  boundary,  then  the  diffracted  term 
is determined  from  the  diffracted  f ield  value  at   the  point 20"  
above  the  shadow  boundary ( y = ya) , a s  shown  in  Fig.  9a. 

Case  11: If the  projected  upper  edge of the  guide ( y = 0 )  is at 
l ea s t  20" below the shadow  boundary,  then  the  diffracted  term 
is   determined by the  diffracted  field  value  on  the  guide  axis 
( y = -a/Z)  in  the  field  plot  plane, as shown  in  Fig. 9b. 

These two cases   resul t   in   necessar i ly   different   calculat ions  and are 
studied  separately as follows: 

13 
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Fig .  9. ( a )  Case  I of the  solid  wedge  scattering. 
( b )  Case  I1 of the  solid  wedge  scattering. 
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Case I 

The  diffracted  component is a cylindrical  wave  radiated by a line 
source,   whose  current (ID) is determined  from  the  diffracted  f ield 
value  at  the  observation  point ( 2R, ya) . The  position of this  equivalent 
l ine  source  is  at the  apex of the  solid  wedge. It follows  that 

where r s  is  the  dis tance  f rom  the  apex  to   the  observat ion  point  ( 2R,  Y a ) .  
Then  the  diffracted  component  which  approximates  the  actual  diffracted 
field  is  given by 

IT 
-ikr,+ i Z  

where rD is defined  in F ig .  10. 

Fig. 10. Th 

DIFFRACTED  FIELD 
PLOT PLANE 

e equi. val e .ent  line  source  representing  th 
solid  wedge  diffracted  field  (Case I) .  
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The  geometrical   optics  f ield  reflected  from  the  solid  wedge i s  not 
directly  applicable  to  this  analysis  because its radiated  field is discon- 
tinuous.  Consequently, a uniform  cylindrical  wave  which  approximates 
the  geometrical  optics  field is  determined.  The  source  for  this  geo- 
metrical  component is a l ine  source  located on  the  guide axis a t  a 
position ( p R )  f rom  the x = 2R plane as  shown  in  Fig. 11. The  position 

GEOMETRICAL OPTICS 
FIELD PLOT  PLANE 

F i g .  11. The  equivalent  line  source  representing  the 
solid  wedge  reflected  field. 

( p R )  i s   determined by the  phase  difference (A+,) in  the  actual  reflected 
field [ HRs(  2 R ,  y) ] at the  observation  points ( 2R,  a/2) and ( 2R,  5a/2). 
By geometry 

where A+R = phase  difference  in  wavelengths.  The  current ( I R )  for  the 
geometrical   component  is   calculated  from  the  true  geometrical   optics 
field [ HRs( 2R,  y) ] at  the  observation  point ( 2R,  a/2)  and is given a s  

16 



where  p1 is the  dis tance  f rom  the  l ine  source  to  the observation  point 
( 2R,  a/2).  Then  the  geometrical  component  which  approximates  the 
geometrical   optics  f ield is given by 

where  r R  is the  dis tance  f rom  the  l ine  source  to   the  observat ion  point  
( 2 R ,  Y) * 

By subtracting  the  approximate  geometrical   optics  and  diffracted 
fields  from  the  true  solid  wedge  scattered  f ield,   there  is  found to  be a 
residual  error  in  the  approximation,  which  is  of par t icular   interest   in  
the  region  from  the  shadow  boundary  to  the  guide  axis.  This  deviation, 
which  has  the  form of a cusp,  is  attributed  to  the  discontinuities  in  the 
reflected  and  diffracted  fields  across  the  shadow  boundary.  These  dis- 
cont inui t ies   are   such  that   their   sum  gives  a continuous  total  field  but  not 
a field  that   can  be  adequately  represented by  two  uniform  cylindrical 
waves.  Howevery it i s  found  that  this  deviation  field is not  great  and 
for   a l l   pract ical   purposes   can  be  represented  as  a uniform  cylindrical  
wave.  This  cusp  component,  which  approximates  the  deviation  field, 
has  a line  source  positioned  along  the  guide  axis  at a distance pc f r o m  
the x = 2 R  plane  as  shown  in Fig .  12. The  magnitude of p c  is   determined 
by the  phase  difference ( A$s)  in  the  deviation  field [ HTS( 2 R y  y) - 
( HDA(  2R,  y) + HRA( 2 R ,  y) ) ] at  the  observation  points ( 2 R ,  -a/2)  and 
( 2 R y  a/2).   Hence, 

The   cu r ren t  ( IC) for  the  cusp  component i s  computed  from  the  deviation 
field  at  the  observation  point ( 2R,  -a/2)  and  is  given by 

X[ HRA( 2R, -a/2) + HDA( 2R,  -a/2) - HTS( ZR, - a h )  ] . 
17 
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DEVIATION FIELD 
PLOT PLANE 

Fig. 12. Deviation  field,  or  cusp,  equivalent  line  source 

Thus,   the  result ing  cusp  f ield [ HCA( ZR, y) ] that   approximates  the 
deviation  field  is  given by 

Tr 

where  rc is the  distance  from  the  cusp  l ine  source  posit ion  to  the 
observation  point ( 2R,  y) a s  shown  in  Fig. 12. 

Finally,  the  approximate  total  solid  field  [HATS( 2R,  y) ] i s  the 
sum of the  three  components  as  given by 

Calculations  have  shown  that  this  resulting  approximate  field  describes 
the  true  solid-wedge  scattered  f ield  very  adequately  in  the  near  zone of 
the  projected  guide  aperture. 
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Case II 

If the  projected  upper  edge of the  guide  aperture is a t   l e a s t  20" 
below  the  shadow  boundary,  then  the  approximate  total  solid  field 
[HATS( 2R,  y) ] is adequately  described by a single  cylindrical   wave 
because of the  cylindrical   nature of the  diffracted  f ield  across  the 
projected  guide  aperture.  Again,  the  diffracted  field  is  generated by 
a l ine  source  located at the apex of the  solid  wedge.  However,  the 
current  (ID)  is   determined  by  the  true  solid-field  value at the  obser-  
vation  point ( 2R,  -a /2) and is  given  as  

( 33) 

where p D  is  the  distance  along  the  guide axis from  the  apex  to   the 
x = 2R plane,  as  shown  in  Fig. 13.  With  this  line  source  known,  the 
approximate  total  solid  field is computed  as  

where r a  is   the   dis tance  f rom  the  edge  to   an  arbi t rary  observat ion 
point ( 2R,  y ) .  

T 
i 
" 

" 

" 

TOTAL SOL'ID 
FIELD PLOT PLANE 

Fig. 13. The  equivalent  l ine  source  representing  the 
solid  wedge  diffracted  field  (Case 11). 



C. Aperture  Component of the  Scat tered  Field 

The  difference  between  the  approximate  total  solid  field 
[HATS( 2R,  y) ] and  the  true  waveguide  field [ HT( 2R,  y) ] is  attr ibuted 
to the  presence of the  waveguide  aperture  and is  basically a cylindri- 
cal   wave  f rom  the  center  of the  aperture.   Consequently,   the  aperture 
component is approximated as that   radiated  f rom a line  source.   The 
position ( p ) of this  aperture  component  l ine  source  is   calculated  from 
the  phase  deviation ( A+A)  between  the  difference  field [ HT( 2 R ,  y) - 
HATS( 2 R ,  y) ] at  the  observation  points ( 2R, -a/2)  and ( 2 R ,  0 ) .  With 
the  aid of Fig. 14, 

A 

( 3 5 )  

d DIFFERENCE FIELD 
PLOT PLANE 

01 + 

- Y2 

Fig .  14. Equivalent  l ine  source  representation 
of the  aperture  component. 

The   cur ren t  ( IA) associated  with  this   source  is   specif ied by the  differ- 
ence  field [-HT( 2 R ,  y) + HATS( 2 R ,  y )  ] at  the  observation  point ( 2 R ,  -a/2) 
and  is   given by 

jkPA - j 4 IT 

IA = - e  [-HT( 2 R ,  -a/2) + HATS( 2 R ,  -a /2) ]  . 
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Then the aperture  component  [HA(  2R,y) ] i s  computed by the  general 
l ine-source  f ield  formula as 

IT 

'A e 
- jkr  + j -  

A 4  
HA(  2Ryy) = 9 

where  rA is the  distance  from  the  source  to  the  observation  point ( 2R, y) .  

The  total   f ield [ HTA( 2R,  y) ] sca t te red  by the  waveguide  wedges is 
approximated  as  the  superposit ion of the  approximate  scattering  from  the 
solid  wedge  and  the  aperture  component  such  that  in  the  most  general 
case  it consis ts  of four  cylindrical   wave  components  and  is   given by 

Whether  the  approximate  field  scattered by the  solid  wedge  is  described 
by three   l ine-source   waves   (Case  I) o r  by one l ine-source  wave  (Case 11) , 
the  total   f ield  scattered by the  waveguide  wedges  is  accurately  approxi- 
mated.  This  makes it possible  to  use  our  basic  theory  (wedge  diffraction) 
in   the  t ransient   or   successive  bounce  approach,   as   wil l  be discussed  in  the 
next  section. 

111. REFLECTION  COEFFICIENT ANALYSIS 

As  discussed  in  Section I, the  first-bounce  wave of the  waveguide 
may be approximated by an  equivalent  cylindrical  wave.  The  reflection 
coefficient  contribution of the  f irst-bounce  wave  is   then  given by Eq. ( 7 ) .  

Using  the  mechanism of cylindrical   wave  scattering  as  derived  in 
Section 11, the  f irst-bounce  cylindrical   wave,  when  scattered by the 
guide  aperture,   produces a second-bounce  wave  composed of fou r   (Case  I) 
o r  two ( Case  11) component  cylindrical  waves. A s  shown in  Fig.  15  the 
second-bounce  wave  is   seen  to  be  that   from  the  superposit ion of four 
( C a s e  I) o r  two ( C a s e  11) equivalent  line  sources. 

The  reflection  coefficient  contribution  rom  the  second-bounce 
wave  is   computed  in  the  same  manner  as r"lf, the  first-bounce 
contribution.  Using  the  line  source  to  waveguide  coupling  expression 
of Eq. ( 3) and  the  approximate  l ine  sources ( currents  and  locations) 
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F i g .  15. The  generation of the  second-bounce 
equivalent  line  sources. 
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as determined by the  method of Section 11, the  second-bounce  reflection 
coefficient  contributions  are  given by 

and 

where  HT is computed by the  method  in  Reference 1 ,  Section IIA. The 
total  second-bounce  contribution  to  the  reflection  coefficient  is  then 
given by 

4 

It should  be  noted  that  only  the  situation  for  Case  I,  where  there 
are   four   resul tant   l ine   sources ,  is shown  in  Fig.  15. F o r   C a s e  11, 
only IA and ID will   be  present.   The  computer  program  used  in  the 
computation  is  designed  to  automatically  decide  from  the  geometries 
whether   Case I o r  I1 should  apply.  Subsequent  discussions  will  treat 
only  the  more  complicated  Case I. 

In a manner  similar  to  the  generation of the  second-bounce  wave 
with its four  cylindrical  components by the  first-bounce  wave,  each of 
the  four  cylindrical  components of the  second-bounce  wave  will  in  turn 
be  scattered by  the  guide  and  form  four  subsequent  cylindrical  waves. 
These  then  reflect   from  the  reflecting  sheet  to  form  the  third-bounce 
wave.  Thus  the  third-bounce  wave  will  have a maximum of sixteen 
l ine  sources ,   as   can  be  seen  in   Fig.  16. The  reflection  coefficient 
contributions  from  the  third  bounce  are  then  computed  in  exactly  the 
same  manner   as   that   f rom  the  second  bounce.  
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F i g .  16. The iterative process  of the  formation of multiple bounces. 



The  i t e ra t ive   p rocess  of Fig.  16 is continued  to  calculate  the 
higher-order  bounces.  The  total  reflection  coefficient  is  then  given 
by the  summation of all bounce  contributions a s  

Q) 4n 

where   the   superscr ip t  ( n)  denotes  the  bounce  order. 

IV. RESULTS 

Calculations of the  total  reflection  coefficient of the  large  wedge 
angle  guide  illuminating a perfectly  reflecting  sheet  were  made  with  the 
aid of a Sca t r an   p rog ram on the  IBM  7094  digital  computer.  Values  were 
computed,for  various  guide  geometries  and  for  reflector  spacings  ranging 
f rom 0. 6X to 1. 5X. Depending  on  wedge  angle,  either  three  or  four 
bounces  were  used  in  the  computations. 

In order  to  economize  computation  time,  the  following  approxi- 
mat ion   i s   used .   From  sample   ca lcu la t ions   a t   se lec ted   re f lec tor   spac ings ,  
it was  found  that  the  contribution of each  bounce  wave  to  the  reflection 
coefficient,  when  plotted  versus  the  reflector  spacing,  exhibits a magnitude 
variation.very  close  to  an  exponential   decay  and a nearly  l inear  phase 
variation. By calculating  the  reflection  coefficient at  widely  spaced 
reflecting  sheet  locations,  the  exponential  decays  for  the  magnitudes of 
the  various  bounce  components  and  their  corresponding  linear  phase 
var ia t ions  were  determined by curve  fitting  approximations.  The  phasor 
s u m  of these  bounce  component  curves  with  the  self-reflection  coefficient 
then  yields  the  total  reflection  coefficient  with a minimum  expenditure of 
computer  time. 

F igures  1 7  through 26 show  the  results  for a 0. 278X guide  for 
various  wedge  angles.  In  Fig. 17  the  magnitude of the  bounce  contri- 
butions  to r T  is shown a s  a function of reflector  spacing  for  wedge 
angles  equal  to  75",  85",  and  90".  The  results  for  the  ground-plane 
mounted  guide ( W A  = 90")  were  computed  in  Reference 1, Chapter V. 
It can  be  seen  that  the  higher-order  bounce  contributions  become less 
significant  as  wedge  angle  decreases.  
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Figures  18 and 19 give  the  magnitude  and  phase of the  total   re-  
flection  coefficient  for  the  75"  wedge  angle  case as  computed by both 
the  cylindrical  wave  approach of this  report   and  the  plane  wave  method 
of Reference 1, Chapter IV. Only  the first three  bounces  were  needed 
to  obtain  good  convergence  for  the  cylindrical  wave  approach.  The 
measured  results  were  obtained  with a sec to ra l  horn115 simulating  the 
parallel-plate  waveguide. 

Comparison  between  the  reflection  coefficient  magnitude  and  phase 
as   computed by both  the  plane-wave  approach  and  the  cylindrical-wave 
approach  with  three  bounces  is  shown in F i g s .  20 and 21  for  the  80" 
wedge  angle  case.  The  85"  wedge  angle  case  is  shown  in F i g s .  22  and  23, 
with  the  results  including  both  three  and  four  bounces  for  the  cylindrical 
wave  approach.  Figures 24 and  25  present  the  comparison  for  the  88" 
wedge  angle  case.   Figure 26  gives  the  reflection  coefficient  magnitude 
a s  a function of wedge  angie as  computed  by  the  cylindrical  wave  method. 
It is   apparent  from  the  above  f igures  that  as  the  wedge  angle  approaches 
9 0 " ,  more  and  more  bounce  contributions  must  be  summed  before 
convergent  results  can be  obtained.  However,  because of inherent 
numerical   inaccuracies  in  the  computer  program,  only  up  to  four  bounces 
were  considered,  even  though  the  analysis  can  yield  many  more. 

The  resul ts  f o r  a 0. 423A wide  guide a r e  shown  in F i g s .  27  through 
30. F igures  2 7  and 28 give  the  reflection  coefficient  magnitude  and 
phase  for  the  75"  wedge  angle  case  computed  by  both  the  plane-wave 
method  and  the  cylindrical-wave  method  with  three  bounces.  Four 
bounces  were  included  in  the  results  for  the  85"  wedge  angle  case  in 
F igs .  29 and 30. 
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Fig .  17.  Bounce  contributions  for WA = 75",  85", 90 " 
calculated by the  cylindrical  wave  approach. 
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Fig. 18. Comparison of measured  reflection  coefficient  magnitude 
with  those  calculated by both  the  plane  wave  and 
cylindrical  wave  approach ( a  = 0. 278X, WA = 7 5 " ) .  
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Fig. 19. Reflection  coefficient  phase  comparison ( a  = 0. 2781, WA = 75" ) .  
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Fig. 20. Comparison of the  reflection  coefficient  magnitude  calculated by 
the  plane  wave  approach  and  the  cylindrical  wave  approach 
( a = 0. 2781, WA = 80 " ) .  
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Fig .  21. Reflection  coefficient phase comparison ( a  = 0. 2781, WA = 8 0 " ) .  
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Fig. 22. Comparison of the  reflection  coefficient  magnitude  calculated by 
the  plane  wave  approach  and by the  cylindrical  wave  approach 
with  three  and  four  bounces ( a  = 0. 278X, WA = 85").  
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F i g .  23. Comparison of reflection  coefficient  phase ( a  = 0. 278X, WA = 85") .  
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F i g .  24. Comparison of the  reflection  coefficient  magnitude ( a  = 0. 278X, WA = 8 8 " ) .  
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Fig. 25. Comparison of the  reflection  coefficient  phase ( a  = 0. 2781, WA = 8 8 " ) .  
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Fig. 26. The  reflection  coefficient  magnitude  calculated by the  cylindrical 
wave  approach shown as a function of wedge  angles. 
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Fig .  27. C o m p a r i s o n  of re f lec t ion   coef f ic ien t   magni tude  ( a  = 0. 423X, WA = 75" ) .  
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Fig. 28. Comparison of reflection  coefficient  phase 
(a = 0 .  4231, WA = 7 5 " ) .  
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Fig .  29. Comparison of reflection  coefficient  magnitude ( a  = 0. 4231, WA = 85") .  

I 

I .5 



a = 0.423 A 
W A  = 

~- 

85 

0.6 0.7 0.8 0.9 I .o I .  I I .2 I . 3  I .4 I .5 
REFLECTING  SHEET D l  STANCE ( WAVELENGTHS ) 

Fig. 30.  Comparison of reflection  coefficient  phase 
( a = 0. 423X, WA = 8 5 " ) .  
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V. CONCLUSIONS 

The  reflection  coefficient  for  the  large  wedge  angle  parallel-plate 
waveguide  operating  in  the  TEM  mode  and  illuminating a perfect ly   re-  
flecting  sheet  was  analyzed  by  wedge  diffraction  techniques.  With  this 
analysis  and  those  in  References 1 and 2 a complete  coverage of wedge 
angles is  achieved. 

Good agreement  is obtained  between  the  results  calculated by the 
cylindrical  wave  method of this report  and  the  plane  wave  method of 
Reference 1 in  their  mutual  regions of validity; i. e. , at  wedge  angles 
f r o m  0"  to 80". Good agreement  is also  obtained  with  measurements. 

Computations  made  from  this  analysis  indicate  that  the  plane- 
wave  approach  is  useful  for  wedge  angles  as  large  as 85". In fact  a 
major  contribution of this  cylindrical-wave  analysis  is t o  check  the 
validity of the  plane-wave  approach. 

Based  on  the  bounce  analysis  the  reflection  coefficient is  seen  to 
converge  more  rapidly  as a function of the  number of bounces  included 
when  the  wedge  angle  decreases. In fact ,  f o r  the 75" wedge  angle  case 
only  three  bounces  are  required. 
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